We provide a classification of Einstein submanifolds in space forms with flat normal bundle and parallel mean curvature. This extends a previous result due to Dajczer and Tojeiro [3] for isometric immersions of Riemannian manifolds with constant sectional curvature.
Introduction
The study of isometric immersions of Riemannian manifolds with constant sectional curvature into space forms is a basic topic in submanifold theory that goes back to Cartan [1, 2] . Several interesting results towards the classification of these immersions have been obtained ever since (see [4, 5, 9] ). In particular, Dajczer and Tojeiro [3] provided a classification of all such isometric immersions with flat normal bundle and parallel mean curvature vector field.
A natural generalization of the concept of Riemannian manifolds with constant sectional curvature is the notion of manifolds with constant Ricci curvature, namely Einstein manifolds. Fialkow [7] and Thomas [15] initiated the study of isometric immersions of Einstein manifolds into space forms. Indeed, after the early work of Fialkow and Thomas, Ryan [14] gave a local classification of Einstein hypersurfaces in any space form. In arbitrary codimension, Di Scala [6] proved that Einstein real Kähler submanifolds of a Euclidean space are totally geodesic provided that they are minimal. The same conclusion still holds for minimal Einstein submanifolds with flat normal bundle in the Euclidean space (see [11] ).
In the present paper, we classify isometric immersions of Einstein manifolds into a complete and simply connected Riemannian manifold Q N c of constant sectional curvature c of arbitrary codimension, with flat normal bundle and parallel mean curvature vector field. Our result, that extends the aforementioned result of Dajczer and Tojeiro [3] , is stated as follows: (ii) λ = 0 = c and
(iii) λ = 0 < c and
where r
(iv) λ = 0 > c and
where −r
where
where g is as in (ii), (iii), (iv) or (v) and j is a totally umbilical inclusion.
where H is the mean curvature vector field. A straightforward computation of the Ricci tensor gives using the Gauss equation for f that
(1) where X 1 , . . . , X n is a local orthonormal frame of the tangent bundle T M.
The immersion f has flat normal bundle if the curvature tensor of the normal connection ∇ ⊥ of N f M vanishes. In this case, it is a standard fact (see [12] ) that at any point x ∈ M n there exists a set of unique pairwise distinct normal vectors
, called the principal normals of f at x. Moreover, there is an associated orthogonal splitting of the tangent space as
Hence, the second fundamental form of f at x is given by
smooth vector fields called the principal normal vector fields of f and the distributions
and
for all X, Y ∈ E i , Z ∈ E j , and V ∈ E l , where
Extrinsic product of immersions
In this section, we recall the notion of extrinsic product of immersions in any space form (cf. [16] ) that will be used in the proof of our main result.
einstein submanifolds with parallel mean curvature
is called the extrinsic product of immersions
We now consider extrinsic products in the hyperbolic space
where L N +1 denotes the Lorentz space of dimension N + 1. In this case, there are three different types of extrinsic products called hyperbolic, elliptic and parabolic.
A map f :
with R m k+1 possibly trivial, and immersions
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Finally, a map f :
such that f is given by
denotes an umbilical inclusion with
M i is a product manifold then the second fundamental form α is said to be adapted to the product structure of M n if
where the tangent bundles T M i are identified with the corresponding tangent distributions to M n . The next result, which is due to Moore [8] for the case c = 0 and to Molzan [10, 13] for the case c = 0, shows that products of isometric immersions are characterized by this property among isometric immersions of Riemannian products. 
Proof: We claim that each distribution
First we prove that ∇ X Y ∈ E i for all X, Y ∈ E i and 1 ≤ i ≤ k. Indeed, from (4) we have that
for any X, Y ∈ E i and Z ∈ E j with j = i. Thus, we obtain
Using (1), (3) and the hypothesis that M n is an Einstein manifold we have
Using (7) we observe that
Then (6) implies that ∇ X Y ∈ E i for all X, Y ∈ E i and any 1 ≤ i ≤ k. Now, we show that ∇ X Y ∈ E i for all X ∈ E j and Y ∈ E i with j = i. To this aim, we consider Y ∈ E i , X ∈ E j , Z ∈ E l ⊂ E ⊥ i and distinguish the following two cases. If l = j, then by using the previous argument, we have
If l = j, then from (5) we obtain
We claim that η l − η i and η l − η j are pointwise linearly independent. Indeed, we assume to the contrary that
By taking the norms and using (7) we obtain that η i = η j , which is a contradiction. Thus
with l = i = j. Therefore, from (8) and (9), we obtain that ∇ X Y ∈ E i for all X ∈ E j and Y ∈ E i with j = i. This completes the proof of our claim. Now, de Rham's theorem implies that around every point p ∈ G k there is a neighborhood U that is the Riemannian product of the integral manifolds M 1 , . . . , M k of the distributions E 1 , . . . , E k respectively, through a point q ∈ U. Moreover, since the second fundamental form of f is adapted, Theorem 2 implies that f | U is an extrinsic product of isometric immersions f 1 , . . . , f k , which due to (2) have to be totally umbilical.
Lemma 4 Let m i = dim M i . Then the following holds:
Moreover, if m i ≥ 2 then the sectional curvature of M i is
Proof: It follows from Lemma 3 and the Gauss equation that the principal normals
Equation (10) follows from our assumption, (1) and (12) . If m i ≥ 2 then (10) and the Gauss equation imply (11) . Now, suppose that m i ≥ 2 for all 1 ≤ i ≤ k and assume to the contrary that λ ≤ 0. Then (10) implies that
and thus c < 0. Therefore, from (12), (13) and the Cauchy-Schwarz inequality we obtain that
Hence, η j = µ ij η i for some µ ij > 0 and 1 ≤ i = j ≤ k. From (12) and (13) we have that µ ij ≥ 1 for all 1 ≤ i = j ≤ k. Since η j = µ ij η i = µ ij µ ji η j , it follows that µ ij ≤ 1. Therefore, µ ij = 1 which is a contradiction. If k = 1, then f is a totally umbilical immersion. In the sequel we assume that k ≥ 2 and let p ∈ G k . Then, according to Lemma 3 we have that there exists a neighborhood U of p that is a Riemannian product of Riemannian manifolds M 1 , . . . , M k and f | U is an extrinsic product of totally umbilical isometric immersions f 1 , . . . , f k .
We distinguish two cases. If there exists 1 ≤ i ≤ k such that m i = 1 then the result follows from Lemma 5 and Theorem 1 of [3] .
We now assume that
. Therefore, bearing in mind (11) we obtain that
Thus, by using (11) we obtain that
Finally, if c < 0 then f is the extrinsic product of umbilical isometric immersions f 1 , . . . , f k of either hyperbolic, elliptic or parabolic type.
If f 1 , . . . , f k is of hyperbolic type, then f 1 is an umbilical isometric immersion into 
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If f 1 , . . . , f k is of parabolic type then there exist s ≤ k such that each f i is an umbilical isometric immersion into R m i +1 for 1 ≤ i ≤ s and each f j is an umbilical isometric immersion into S m j +1 (r j ) ⊂ R m j +2 for s
. Thus, from (11) we obtain that
Again in this case f (U) is contained in a flat totally umbilical submanifold of H N c . Finally, since M n is connected and the above different type of submanifolds cannot be smoothly attached we have that f (M n ) is an open subset of one of the above and this completes the proof.
